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Ranks of rational points of the Jacobian varieties of hyperelliptic
curves
Bo-Hae Im and Byoung Du Kim
Abstract. In this paper, we obtain bounds for the Mordell-Weil ranks
over cyclotomic extensions of a wide range of abelian varieties defined
over a number field F whose primes above p are totally ramified over
F/Q. We assume that the abelian varieties may have good non-ordinary
reduction at those primes. Our work is a generalization of [6], in which
the second author generalized Perrin-Riou’s Iwasawa theory for elliptic
curves over Q with supersingular reduction ([10]) to elliptic curves de-
fined over the above-mentioned number field F . On top of non-ordinary
reduction and the ramification of the field F , we deal with the additional
difficulty that the dimensions of the abelian varieties can be any number
bigger than 1 which causes a variety of issues. As a result, we obtain
bounds for the ranks over cyclotomic extensions Q(µpmax(M,N)+n) of the
Jacobian varieties of ramified hyperelliptic curves y2p
M
= x3p
N
+axp
N
+b
among others.
1. Introduction
In this paper, we construct an (Iwasawa) theory in the spirit of [9] and
[10], and obtain bounds for the Mordell-Weil ranks of abelian varieties. Our
first model is Barry Mazur’s work, [9], in which he studied abelian varieties
A/F with good ordinary reduction at every prime of F above a prime p.
Another model we follow closely is Perrin-Riou’s work, [10], in which she
studied elliptic curves defined over Q with good supersingular reduction, and
succeeded in overcoming many difficulties due to the supersingular reduction
type.
To explain the relevance of their work to our work, suppose that A is
an abelian variety defined over a number field F , and F∞ is a Zp-extension
of F (i.e., Gal(F∞/F ) ∼= Zp) for a prime p. When A has good ordinary
reduction at every prime of F lying above p (i.e., A has good reduction at
such a prime, and its associated formal group is of multiplicative type), the
celebrated work ([9]) provides a criterion for whether A(F∞) has a finite
rank or not. It is a great example of the potential strength of Iwasawa
Theory.
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Although a similar result is expected for abelian varieties generally regard-
less of the reduction type, how to prove it is not known in many cases if not
in most cases. The main obstacle is that a formal group of non-multiplicative
type does not admit a non-trivial universal norm.
One of the notable attempts in the case of the non-ordinary reduction
was the aforementioned work of Perrin-Riou ([10]). Her insight was that we
might be able to use Fontaine’s theory of group schemes in a clever way to
construct a series of local points which satisfy a certain norm relation (but
do not constitute a universal norm).
In particular, she obtained that for an elliptic curve E/Q with good super-
singular reduction at p, if Lα 6= 0 (which is the “algebraic” p-adic L-function
she constructed), then
corankZp Selp(E/Qn) ≤ (p− 1)(pn−1 + pn−2 + · · ·+ pm) +C,
where C is some fixed constant, and n −m = n2 + O(1). Most surprisingly,
when ap(E) = 1 + p − E(Z/pZ) = 0, she applied a more refined idea, and
obtained that rank(E/Q∞) is finite just as Mazur showed for E/Q with good
ordinary reduction at p. Now, we have a more sophisticated Iwasawa theory
of S. Kobayashi ([7]) for E/Q in the case of the cyclotomic Zp-extension
of Q (and also note F. Sprung’s work, [11], which generalizes Kobayashi’s
work, which applies to most elliptic curves defined over Q, to every elliptic
curve defined over Q). The work close to our work in its subject matter is [3]
(which crucially relied on [8]) which generalized the aforementioned results
to abelian varieties in a context different from that of this paper.
Our goal is to generalize her work to abelian varieties over a number field
F whose primes above p are totally ramified over F/Q. We assume that
the abelian varieties may have non-ordinary reduction at primes above p
(but otherwise, have good reduction at every prime above p). We use the
ideas of the second author’s earlier paper ([6]), in which he studied abelian
varieties of dimension 1 (hence elliptic curves). Three main obstacles are
the reduction type, the ramification of the field, and the dimensions of the
abelian varieties. The last one is a new issue not covered by [6], and as we
will argue, it is not a trivial one.
In [6], the second author found that by applying Fontaine’s theory more
rigorously and judiciously, Perrin-Rou’s idea can be extended to elliptic
curvesA defined over totally ramified fields F (with emphasis on “ramified”).
In the manner of Perrin-Riou, he constructed a p-adic power series Lα for a
root α of the characteristic of the Dieudonne module of A (Lα becomes an
integral power series if α is a unit), and showed that if it is not 0, then
corank Selp(A/Fn) ≤ (p− 1)(pn−1 + pn−2 + · · ·+ pm) + C,
where λ = v(α), and n −m = λn + O(1). Also, under some conditions, he
generalized Kobayashi’s theory to the above elliptic curves A. It should be
seen as an effort to establish an Iwasawa theory that works well in a more
general case.
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In this paper, we generalize the result in [6] to abelian varieties of any
dimension. (We keep the condition that every prime of F above p is totally
ramified over F/Q.) See Proposition 3.16 for our main statement. Since
we study abelian varieties of any dimension, we have the following issues:
Our group schemes can have “mixed reduction” (i.e., a mix of ordinary and
non-ordinary reduction), and different generators of the Dieudonne module
have different “minimal polynomials”, thus different series of local points
we construct have different norm relations. This is all very different from
abelian varieties of dimension 1 (i.e., elliptic curves) which has only two types
of good reduction at a given prime: good ordinary, and good supersingular.
And, their Dieudonne module is generated by one element over D. Thus,
we resort to a rather complicated construction in Section 2.
Our work involves constructing explicit logarithms, and as part of the
work, we give an explicit and general definition of the constant term of
the logarithm, without which the resulting local points do not satisfy the
norm relations. One may define it as a number which happens to force the
resulting local points to satisfy the norm relations, but our construction is
more natural in the sense that it explains the rather mysterious existence of
such constant terms.
As a result of our work, we obtain bounds for the Mordell-Weil ranks of
abelian varieties in a wide range of cases. The bounds are given in terms
of the dimension of the abelian varieties, and some other terms associated
to their Dieudonne modules. In particular, for non-negative integers N and
M , we consider the Jacobian variety of the hyperelliptic curve,
CN : y
2 = x3p
N
+ axp
N
+ b,
and the Jacobian variety of the curve,
CM,N : y
2pM = x3p
N
+ axp
N
+ b.
For the lack of better words, we call CM,N a ramified hyperelliptic curve.
In the former, we suppose CN is defined over F = Q(ζpN ), and in the latter,
over F = Q(ζpM , ζpN ). In both, we let F∞ = Q(ζp∞), and Fn be the field
F ⊂ Fn ⊂ F∞ so that Gal(Fn/F ) ∼= Z/pnZ. We let H be a number field
so that every prime of H above p is unramified over H/Q. (For example,
we may assume H is the field of complex multiplication if the curve has
complex multiplication.)
Suppose A is either the Jacobian variety of the curve above, or its dual
abelian variety. We choose certain irreducible polynomials q1(x), . . . , qs(x)
(s = dimA · [HF : Q]) which are associated to the Dieudonne modules
of A, and choose a zero αi of each qi(x). (See the discussion after As-
sumption 4.4.) And, we construct the algebraic p-adic L-function L{αi}i
(see Definition 3.13). Its construction is necessarily more sophisticated than
that of Lα in [6] because the Dieudonne module in this case has a higher
dimension. In many ways, constructing L{αi}i is pivotal to our study. Then
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Theorem 1.1. Let A′ = Hom(∪nA[pn],Zp(1)) where Zp(1) is the Tate twist
of the trivial representation Zp. (Equivalently, A
′ = ∪nA∨[pn] where A∨ is
the dual abelian variety of A.) If L{αi}i 6= 0, then for some fixed C,
corankZp Selp(A
′/H · Fn) ≤
s∑
i=1
(p− 1)× (pn−1 + pn−2 + · · ·+ pmi)+ C,
as n varies, where n−mi = λin+O(1) and λi = vp(αi).
In particular, let λ be the maximum of λ1, · · · , λs. Then we have the
following.
(a) If A is the Jacobian variety JN/F of CN , or its dual abelian variety J
∨
N ,
then for some fixed C,
corankZp Selp(A
′/H · Fn)
≤ 3p
N − 1
2
· [H · Fn : Q] · (p− 1)×
(
pn−1 + pn−2 + · · ·+ pm)+ C,
as n varies, where n−m = λn+O(1).
(b) If A is the Jacobian variety JM,N of CM,N , or its dual abelian variety
J∨M,N , then
(i) when M > N , for some fixed C,
corankZp Selp(A
′/H · Fn)
≤
(
1− 2pM + 3p
N (2pM − 1) + pM
2
)
· [H · Fn : Q]× (p − 1)
× (pn−1 + pn−2 + · · ·+ pm)+ C,
as n varies, where n−m = λn+O(1), and
(ii) when M ≤ N , for some fixed C,
corankZp Selp(A
′/H · Fn)
≤
(
1− 2pM + 3p
N (2pM − 1) + 2pM − pN
2
)
· [H · Fn : Q]× (p − 1)
×{pn−1 + pn−2 + · · · + pm}+ C,
as n varies where n−m = λn+O(1).
Theorem 1.1 follows from Proposition 3.16 and Lemma 4.1. As noted in
[6], L{αi} 6= 0 if Selp(A′/H · Fn)χ is finite for any n and any character χ of
Gal(H · Fn/H · F ).
Note that EndF (JN ) contains Z[ζpN ], and EndF (JM,N ) contains Z[ζpM ]×
Z[ζpN ]. It is illustrative that the bounds in Theorem 1.1 (a) and (b) are
proportional to the ranks of Z[ζpN ] or Z[ζpM ] × Z[ζpN ]. We note that the
bounds in Theorem 1.1 are probably better than the bounds obtainable by
previously known Iwasawa theory methods in our case.
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2. Constructing local points of group schemes of higher
dimension
For Fontaine’s theory of group schemes over local fields, refer to the orig-
inal reference [1], or [6]. We use the notations and definitions the second
author used in [6] Section 3 (and we do not repeat them). As in [6], we may
drop k from Dk =W [F,V] if k = Z/pZ.
We recall the Dieudonne module M = M(G) of a group scheme G over
a finite field k. Also recall that where K ′ is a (possibly ramified) extension
of Qp, G is a smooth group scheme over OK ′ , and G/k is the reduced group
scheme over the residue field k, L ⊂ M(G/k)OK′ is the set of logarithms of
G.
2.1. LetK ′ be a totally ramified extension of Qp, and G be a smooth formal
group scheme over OK ′ whose reduction is also smooth. Let L and M be
respectively the set of logarithms of G, and the Dieudonne module of G.
Assume that M is torsion-free. In this section, we study a method to
generate local points of G.
Naturally, we will build on the ideas of [6], but working with formal groups
of higher dimensions require new ideas. There are several issues. A lesser
one is that M and L are not generated by one element. A bigger issue is
that ordinary reduction types and non-ordinary reduction types are mixed
in general, and cannot be easily separated to the best of our knowledge.
The method for group schemes of dimension 1 would naturally extend to
group schemes of any dimension if they are (over the given field) isogenous
to products of group schemes of dimension 1. But every group scheme may
not be of this kind. So, we need to develop a more sophisticated method.
Finally, unlike the dimension one case, each generator of M may have
a different “minimal polynomial” (which we define later), and the minimal
polynomial may not be irreducible.
We will present our solutions to these issues. First we note the following:
Proposition 2.1. M ⊗ Qp ∼=
(
Mord ⊗ Qp
)
×
(
Mnon−ord ⊗ Qp
)
for some
finitely generated D-modules Mord and Mnon−ord so that all the eigenvalues
of F acting on Mord have valuation 1, and all the eigenvalues of F acting
on Mnon−ord have valuation less than 1.
Proof. Since FV = p, andM is invariant under both F andV, the valuation
of an eigenvalue of F cannot be greater than 1.
We can findMord,Mnon−ord as follows: Let f(x) = (x ·1−F|M) ∈ Zp[x].
Factorize f(x) = f1(x)f2(x) so that all the roots of f1 have valuation 1, and
all the roots of f2 have valuation less than 1. It is clear that we can choose
f1 and f2 such that they are monic and f1, f2 ∈ Zp[x].
Then, we can choose modules Mord = f2(F)M , and M
non−ord = f1(F)M
which are clearly invariant under F.
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Since F and V are commutative (in fact, FV = VF = p), both Mord and
Mnon−ord are invariant under V as well. 
By scaling if necessary, we can assume M ⊂Mord ×Mnon−ord.
Notation 2.2. Let d be the dimension of G, and choose l1, . . . , ld ∈ L so
that L is generated by them over OK ′. We choose them in such a way that
we can write
l1 = m
′
1 +m
′′
1
l2 = m
′
2 +m
′′
2
...
ld1 = m
′
d1 +m
′′
d1
ld1+1 = 0 +m
′′
d1+1
...
ld = 0 +m
′′
d
for m′1, . . . ,m
′
d1
∈MordOK′ and m
′′
1 , . . . ,m
′′
d ∈Mnon−ordOK′ .
We also let d2 = d− d1.
Definition 2.3. Let Lord = OK ′(m′1, . . . ,m′d1) ⊂MordOK′ . Recall the maximal
ideal m′ of OK ′. We define Gord as follows: For an OK ′-algebra R, Gord(R)
is the subgroup of GM,L(R) given by the pull-back of the fiber product
Hom(Mord, CWk(R/m
′R)) −→ Hom(Lord, (R ⊗Qp)/P ′(R))
↑
Hom(Lord, R ⊗Qp)
.
Here, the pull-back is given by M →Mord ×Mnon−ord →Mord and L→
Lord (the latter being given by l1 7→ m′1, l2 7→ m′2, . . . , ld1 7→ m′d1 , ld1+1 7→
0, . . . , ld 7→ 0).
2.2. In this section, we let K be an unramified (finite) extension of Qp, and
k be the field of residues of OK .
Let P (x) = bdx
d + bd−1x
d−1 + · · · + b0 ∈ Zp[x], and suppose bd is a unit,
and all the zeros of P (x) have valuation greater than 0 and less than 1.
(In fact, bd will be always 1, but we keep bd for readability.) Consequently,
bi/bd ∈ pZp (i = 0, . . . , d− 1), and pibi/b0 ∈ pZp (i = 1, . . . , d).
Suppose
f(X) = Xp + αp−1X
p−1 + · · ·+ α1X ∈ OK [X]
satisfies
p|αi for i = 1, . . . , p− 1, and vp(α1) = 1.
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Let j(x) = P (x)/b0 − 1 = bd
b0
xd +
bd−1
b0
xd−1 + · · ·+ b1
b0
x.
Later in this section, we will define j(ϕ) which imitates the properties of
j(F). But first, we make the following formal definition.
Definition 2.4. (1) Recall that bd = 1 and FV = VF = p. We define
j(F)−1 =
[
bd
b0
Fd
(
1 +
bd−1
bd
F−1 + · · ·+ b1
bd
Fd−1
)]−1
= b0
Vd
pd
(
1 + bd−1
V
p
+ · · ·+ b1V
d−1
pd−1
)−1
where the last line is formally expanded by the Taylor series (1 +
x)−1 = 1− x+ x2 − · · · .
(2) Let σ be the p-th Frobenius map on K (i.e., σ(x) = xp (mod p) for
x ∈ OK). Recall that Vx = pxσ−1 for every x ∈ K. For each n ∈ Z,
we define
ǫσ
n
=
(−j(F)−1 + j(F)−2 − · · · ) ·
(
−α
σn
p−1
p
)
.
This definition of ǫσ
n
is somewhat similar to λn in [4] p.54 and (2.1) in
[5] in the sense that they are all defined by infinite series of similar flavor
(although naturally the definition in this paper is much more descriptive and
general). However, we believe the definition in this space has much more
explanatory power because it can explain the existence of such a constant
fully, and also it seems to be defined more naturally.
Proposition 2.5.
ǫσ
n
+
b1
b0
ǫσ
n+1
+ · · ·+ bd
b0
ǫσ
n+d
=
ασ
n
p−1
p
.
Proof. We observe
ǫσ
n
= j(F)−1
ασ
n
p−1
p
− j(F)−1 (−j(F)−1 + j(F)−2 − · · · ) ·
(
−α
σn
p−1
p
)
= j(F)−1
ασ
n
p−1
p
− j(F)−1ǫσn .
Thus,
j(F)ǫσ
n
=
ασ
n
p−1
p
− ǫσn ,
thus
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ασ
n
p−1
p
= (1 + j(F)) ǫσ
n
=
(
1 +
b1
b0
F+ · · · bd
b0
Fd
)
ǫσ
n
,
and since Fiǫσ
n
= ǫσ
n+i
, our claim follows. 
Definition 2.6. We let PK be the set of power series
∑∞
n=0Anx
n so that
A0 and nAn ∈ OK for n = 1, 2, . . ..
Recall that σ is the p-th Frobenius on K. Let ϕf be an operator on PK
given by
ϕf ◦ a = σ(a) for a ∈ k, ϕf ◦X = f(X).
Recall that PK/pOK [[x]] ∼= ˆCW (k[[X]]). It is easy to see that ϕf on
PK/pOK [[x]] is equivalent to F. Similar to logFss(x) in [7] p.15 (and also
similar to l(x) in [6] in its precise form), we define:
Definition 2.7. We define l(x) by
l(x) =
[
1− j(ϕf ) + j(ϕf )2 − · · ·
] ◦ x.
Readers can see that ǫσ
n
is formally defined as the expansion of l(x) to
the minus direction, which may explain its somewhat mysterious properties.
Proposition 2.8. l(x) is well-defined (i.e., a convergent power series).
Proof. Recall that pibi/b0 ∈ pZp for i = 1, . . . , d. The rest is clear. 
Notation 2.9. (a) Let π0 = 0, and πn for n ≥ 1 be non-zero so that
fσ
−n
(πn) = πn−1 for n = 1, 2, . . . .
(b) Let Trn/m denote TrK(pin)/K(pim).
(c) Let f (i)(x) denote fσ
i−1 ◦ · · · ◦ fσ ◦ f(x).
Proposition 2.10. For any i with 0 ≤ i < d, we have
b0Trn/n−d
(
ǫσ
−n+i
+ (ϕi
fσ−n
◦ lσ−n)(πn)
)
+ pb1Trn−1/n−d
(
ǫσ
−n+1+i
+ (ϕi
fσ−n+1
◦ lσ−n+1)(πn−1)
)
+ · · · pdbd
(
ǫσ
−n+d+i
+ (ϕi
fσ−n+d
◦ lσ−n+d)(πn−d)
)
= 0.
Proof. First, we note
(ϕi
fσ
−n+j ◦ lσ−n+j )(πn−j) = lσ−n+i+j
(
f (i),σ
−n+j
(πn−j)
)
= lσ
−n+i+j
(πn−i−j).
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Then, we note
Trn/n−d l
σ−n+i(πn−i)
= Trn/n−d
([
1− j(ϕ) + j(ϕ)2 − · · · ] ◦ x)σ−n+i ∣∣∣
x=pin−i
= Trn/n−d πn−i − Trn/n−d
(
j(ϕ) ◦ [1− j(ϕ) + j(ϕ)2−] ◦ x)σ−n+i∣∣∣
x=pin−i
= −pd−1ασ−n+ip−1 − Trn/n−d
[
b1
b0
lσ
−n+i+1
(fσ
−n+i
(x)) +
b2
b0
lσ
−n+i+2
(f (2),σ
−n+i
(x))
+ · · ·+ bd
b0
lσ
−n+i+d
(f (d),σ
−n+i
(x))
]
x=pin−i
= −pd−1ασ−n+ip−1 −
[
p
b1
b0
Trn−1/n−d l
σ−n+i+1(πn−i−1)
+p2
b2
b0
Trn−2/n−d l
σ−n+i+2(πn−i−2) + · · ·+ pd bd
b0
lσ
−n+i+d
(πn−i−d)
]
.
By Proposition 2.5 (replacing n with −n+ i) our claim follows. 
Note the role of ǫσ
n
in the argument.
We note that if b0, b1, . . . , bd are in an unramified field larger than Qp,
then the above argument does not work directly because they are not fixed
by σ, and we may need to find an alternative argument, which is one of the
reasons that we assume P (x) = bdx
d + · · ·+ b0 ∈ Zp[x].
Definition 2.11. (1) Suppose M is a finitely generated D-module, and
there is a D-homomorphism M → M(m) ⊕ Mc(m) for some D-
modules M(m) and Mc(m) so that M(m) = D ·m for some m.
(2) For any m ∈M , the minimal polynomial of m over Qp is the monic
polynomial P (x) ∈ Qp[x] with the smallest degree such that P (F)m =
0.
(3) We assume the minimal polynomial of m over Qp is P (x).
Assuming F is a topological nilpotent on M(m) (i.e., Fn → 0 as action
on M(m) as n→ 0), it is clear that Zp[F]m is a subgroup of finite index in
M(m).
Remark 2.12. If Dk = W (k)[F,V] for k 6= Z/pZ so that W (k) is strictly
bigger than Zp, then the above definition of a minimal polynomial may not
make sense. For example, suppose that for some p(x) ∈W (k)[x], p(F)m =
0. Then, for some a ∈ W (k), p(F)(am) may not be 0. This is another
reason that we assume the group scheme is defined over a totally ramified
local field (thus k = Z/pZ).
Recall that K ′ is a totally ramified extension of Qp. (Thus, K
′ is linearly
disjoint over Qp from K.) Recall L is a (free) OK ′-submodule of MOK′ .
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Definition 2.13. Assume P (x) ∈ Zp[X], and all its roots have valuation
less than 1, and all its coefficients except the leading coefficient are in pZp.
(a) Recall the polynomial f(x). Define l(x) associated to P (x) and f(x) as
in Definition 2.7.
(b) Recall PK = PK/pOK [[X]].
Fix C ∈ Z (C > 0) so that C annihilates M(m)/Zp[F]m. For each
n ≥ Z, define xσn ∈ HomZp[F](M(m)⊕Mc(m),P) by
xσ
n
:M(m)⊕Mc(m) → P
m 7→ C · lσn(x)
Mc(m) 7→ 0
and expand linearly. (Expand Zp[F]-linearly to Zp[F]m, and then to the
entire M(m) by scaling, which is possible because Zp[F]m is a subgroup
of M(m) of finite index.)
(c) Also, for each n ∈ Z, define x˜σn ∈ HomZp(M(m)⊕Mc(m),PK) by
x˜σ
n
(Fkm) = C ·
(
ǫσ
n+k
+ ϕkfσn ◦ lσ
n
(X)
)
, for k = 0, 1, . . . , d− 1
and
x˜σ
n
:Mc(m) 7→ 0,
and extend it linearly.
Clearly, x˜σ
n
modulo pOK [[x]] is xσn .
Similar to [6] Notation 4.8, we define the following.
Definition 2.14. Choose generators l1, . . . , ld of L. Recall that L ⊂MOK′ .
ViaM →M(m)⊕Mc(m), consider L as a submodule of (M(m)⊕Mc(m))OK′ .
For each h = 1, . . . , d, write
lh = (l
(h)
ij )(i,j)∈I0 ∈ lim←−
(i,j)∈I0
m
i ⊗M (j),
l
(h)
ij =
(
d−1∑
k=0
α
(h)
k,ijF
km,m2
)
∈ (mi ⊗M(m)(j))⊕ (mi ⊗Mc(m)(j)),
where
∑d−1
k=0 α
(h)
k,ijF
km ∈ mi ⊗M(m)(j), and m2 ∈ mi ⊗Mc(m)(j).
For each h = 1, 2, . . . , d and each (i, j) ∈ I0, we can write
Fj
(
d−1∑
k=0
α
(h)
k,ijF
km
)
=
d−1∑
k=0
β
(h)
k,ijF
km
for some β
(ij)
k ∈ C−1mi. For each n ∈ Z, we define yσ
n ∈ HomOK′ (L,K ′[[x]])
by
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yσ
n
(lh) = C ·

 ∑
(i,j)∈I0
d−1∑
k=0
β
(h)
k,ijx˜
σn(Fkm)


= C ·

 ∑
(i,j)∈I0
d−1∑
k=0
β
(h)
k,ij(ǫ
σn+k + ϕkfσn ◦ lσ
n
(X))


for each h = 1, . . . , d.
Definition 2.15. Recall Fontaine’s map ω and group P ′ which are defined
as follows ([1] Chapter 2): ω is given by
ω : ˆCW (g) → Qp ⊗ g
(· · · , a−n, · · · , a−1, a0) 7→
∞∑
n=0
p−nap
n
−n.
And, for any OK ′-algebra g, P ′(g) is an OK ′-submodule of Qp⊗ g gener-
ated by p−nap
n
for all n ≥ 0 and all a ∈ m′ · g (you may also see [6] Defini-
tion 3.1 for a reference).
(a) Let GM(m)⊕Mc(m),L(OK·K ′[[x]]) be the fiber product given by the follow-
ing diagram
HomZp[F](M(m)⊕Mc(m), ˆCW (k[[x]]))
ω→ HomOK′ (L,K ·K ′[[x]]/P ′(OK·K ′[[x]]))
↑
HomOK′ (L,K ·K ′[[x]]).
(b) For each n ∈ Z, let P σn = (xσn ,yσn) ∈ GM(m)⊕Mc(m),L(OK·K ′ [[x]]). It
is clear that P σ
n
is well-defined.
(c) Note that there is a natural pull-back ι : HomZp[F](M(m)⊕Mc(m), ˆCW (k[[x]]))→
HomZp[F](M,
ˆCW (k[[x]])). Also, by Perrin-Riou’s lemma (see the dis-
cussion [10] Section 3.1 right before Theorem 3.1), we have
HomZp[F](M,
ˆCW (k[[x]])) ∼= HomD(M, ˆCW (k[[x]])).
So, via the pull-back ι, there is a map
GM(m)⊕Mc(m),L(OK·K ′[[x]])→ GM,L(OK·K ′[[x]]).
(d) By abuse of notation, let P σ
n
denote the image of P σ
n
in GM,L(OK·K ′ [[x]])
under this pull-back map.
(e) Where Q ∈ GM,L(OK·K ′[[x]]) and π is an element in some local field
with positive valuation, let Q(π) ∈ GM,L(OK·K ′[π]) denote Q with π
substituted for x.
Then, clealry P σ
n
(πn) ∈ GM,L(OK·K ′[πn]).
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Then, finally we obtain the following. (See [6] Proposition 4.10 for com-
parison.)
Proposition 2.16. Recall P (x) = bdx
d+ · · ·+ b0 to which the construction
of P σ
n
is associated.
For each n ≥ d, we have that modulo the torsions of GM,L(OK·K ′[πn]),
d∑
s=0
psbsTrn−s/n−d P
σ−n+s(πn−s) = 0.
Proof. Since the equality is modulo torsions, we only need to check the “y”
part. Then, the claim follows from Proposition 2.10.

2.3. Recall that K is a (finite) unramified extension of Qp, and K
′ is a
totally ramified extension of Qp. By the method in the previous section
(Section 2.2), we can construct a series of local points satisfying a certain
norm relation, and doing so does not require any condition on K ′ other than
it being totally ramified over Qp.
However, we need to generate a sufficient number of series of local points,
and we need to do so for a group scheme with a mix of ordinary reduction
types and non-ordinary reduction types. In this subsection, we explain how
to generate enough points, and to do so, we need to assume K ′ is generated
by pN -torsions of a certain Lubin-Tate group as below.
Definition 2.17. Fix a uniformizer ρ of K.
Choose ζ ∈ (O×K)tor so that Zp[ζ] = OK . For each i = 0, 1, . . . , [K :
Qp]− 1, we choose
fi(x) = x
p + αi,p−1x
p−1 + · · ·+ αi,1x
so that αi,1, . . . , αi,p−1 ∈ pOK , and
αi,p−1 = ζ
ip, αi,1 = ρ.
For each i = 0, 1, . . . , [K : Qp] − 1, we let πi,0 = 0, and choose non-zero
πi,n for each n ≥ 1 so that
fσ
−n
i (πi,n) = πi,n−1.
By the local class field theory, K(πi,n) does not depend on i. We let K(πn)
denote any K(πi,n), and K(π∞) denote ∪nK(πn).
Assumption 2.18. We suppose K ′ ·K = K(πN ) for some N .
For example, we can consider the case K ′ = Qp(πpN ) for some N , and
K is the unique unramified quadratic extension of Qp. One thing to note is
that contrary to its appearance, K ′ is not an extension of K unless K = Qp
because K ′ is totally ramified over Qp, and K is unramified over Qp.
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Recall that minimal polynomial of m ∈ M is the (non-zero) monic
polynomial p(x) ∈ Qp[x] of minimal degree so that p(F)m = 0.
Notation 2.19. Recall that G is a (smooth) formal group scheme over OK ′
of dimension d, and M is the associated Dieudonne module. From Sec-
tion 2.1, recall the definitions of Mord and Mnon−ord. As in that section, let
d1 and d2 be the minimum numbers of Qp[F]-generators of M
ord ⊗ Qp and
Mnon−ord ⊗Qp, respectively. (Then, d = d1 + d2.)
(a) Choose generators m˜1, . . . , m˜d2 of M
non−ord, and by multiplying some
polynomials (with coefficients in Qp) of F to them if necessary, obtain
m1, . . . ,md2 so that their minimal polynomials are irreducible over Qp.
(b) Let pi(x) ∈ Zp[x] (i = 1, . . . ,D) be the minimal polynomial of mi. We
write
pi(x) = b
(i)
di
xdi + b
(i)
di−1
xdi−1 + · · ·+ b(i)0 .
(In fact, b
(i)
di
= 1 by definition, but for simplicity, we keep b
(i)
di
.) By the
definition of Mnon−ord, b
(i)
0 , . . . , b
(i)
di−1
∈ pZp.
By the definition of Mnon−ord, it is clear that all the roots of pi(x) have
valuation less than 1.
Definition 2.20. For i = 0, 1, . . . , [K : Qp]−1 and j = 1, 2, . . . , d, we define
the following: For each i, and every n ∈ Z, we define ϕfσni acting on PK by
ϕfσni
◦ a = σ(a) for a ∈ k, and ϕfσni ◦X = f
σn
i (X).
For each j = 1, . . . , d2, write Jj(x) = pj(x)/b
(j)
0 −1. As in Definition 2.7,
we define
lfi,pj(x) =
[
1− Jj(ϕfi) + Jj(ϕfi)2 − · · ·
] ◦ x.
Also, for each k ∈ Z we define ǫσkfi,pj attached to fi, pj by the method of
Definition 2.4.
(a) Let M(mj) = D ·mj , and Mc(mj) =
∏
i 6=jD ·mi ×Mord. (See No-
tation 2.11.) Then, there is a canonically defined D-homomorphism
M →M(mj)⊕Mc(mj).
(b) As in Definition 2.13, fix a sufficiently large integer c > 0 so that c
annihilates M(mj)/Zp[F] ·mj for every j, and for each n ∈ Z, define
xσ
n
fi,pj
∈ HomZp[F](M,P) by
xσ
n
fi,pj :M → P
mj 7→ c · lσnfi,pj(x)
m(∈Mc(mj)) 7→ 0
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and extend it Zp[F]-linearly (which is possible because c annihilatesM(mj)/Zp[F]·
mj).
Also, for each n ∈ Z, define x˜σnfi,pj ∈ HomZp(M,PK):
x˜σ
n
fi,pj(F
kmj) = c ·
(
ǫσ
k
fi,pj + ϕ
k
fσ
n
i
◦ lσnfi,pj(X)
)
, for k = 0, 1, . . . , dj − 1,
and
x˜σ
n
fi,pj(m) = 0 for m ∈Mc(mj).
Then, define yσ
n
fi,pj
as in Definition 2.14 using x˜σ
n
fi,pj
.
(c) Define P σ
n
fi,pj
= (xσ
n
fi,pj
,yσ
n
fi,pj
) ∈ GL,M(mj)×Mc(mj)(OK·K ′[[x]]). (See
Definition 2.15 for the definition of GL,M(mj)×Mc(mj)(OK·K ′[[x]]).)
ViaM →M(mj)⊕Mc(mj), there is a natural homomorphismGL,M(mj)⊕Mc(mj) →
GL,M . By combining with the isogeny GL,M → G, we obtain a homomor-
phism ̺j : GL,M(mj)⊕Mc(mj) → G.
Definition 2.21. For each fi for i = 0, 1, . . . , [K : Qp] − 1, pj for j =
1, . . . , d2, and n ∈ Z, we let
Qnon−ord,σ
−(N+n)
fi,pj
(πi,N+n) = ̺j(P
σ−(N+n)
fi,pj (πi,N+n)) ∈ G(OK [πN+n]).
Clearly, Qnon−ord,σ
−(N+n)
fi,pj
(πi,N+n) should satisfy the relation in Proposi-
tion 2.10:
b
(i)
0 TrN+n/N+n−di Q
non−ord,σ−(N+n)
fi,pj
(πi,N+n)
+ pb
(i)
1 TrN+n−1/N+n−di Q
non−ord,σ−(N+n−1)
fi,pj
(πi,N+n−1)
+ · · ·+ pdib(i)di Q
non−ord,σ−(N+n−di)
fi,pj
(πi,N+n−di) = 0
modulo torsions.
On the other hand, since Gord is of multiplicative type with dimension
d1, lim←−nG
ord(OK [πN+n]) has rank d1 · [K ·K ′ : Qp]. In other words, we have
the following:
Proposition 2.22. We can choose a set of elements {(Qordi,N+n)n}i=1,2,...,d1·[K·K ′:Qp]
of lim←−nG
ord(OK [πN+n]) so that it generates a free Zp[[Gal(K(π∞)/K(πN ))]]-
submodule of rank d1 ·[K ·K ′ : Qp]. In particular, we can choose them so that
{Qordi,N+n}i=1,2,...,d1·[K·K ′:Qp] generates a subgroup of Gord(OK [πN+n]) whose
quotient has a bounded rank as n varies.
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3. Perrin-Riou characteristics
The construction of local points in the previous section can be applied to
the following setting:
Notation 3.1. To simplify our assumptions, let F be a number field, F∞
be its extension so that Gal(F∞/F ) ∼= Zp, and H be a number field so that
every prime of it above p is unramified over H/Q. For any prime q of H ·F∞
above p, let q also denote q ∩H by abuse of notation, and let p denote both
q ∩ F∞, and q ∩ F again by abuse of notation.
Assumption 3.2. For every prime q of HF∞ above p, (HF∞)q = Hq(π∞)
for the p-power torsions πn of some Lubin-Tate group of height 1 defined over
OHq (equivalently, (HF∞)q is abelian over Qp, and Gal((HF∞)q/Hq) ∼= Z∗p),
and (HF )q = Hq(πNq) for some Np.
There are some obvious cases where this assumption holds true: For ex-
ample, F = Q(ζpN ) for some N > 0, F∞ = Q(ζp∞), and H is a number field
such that every prime of H above p is unramified over H/Q.
Notation 3.3. Let A be an abelian variety over F which has good reduction
at every prime of F above p. Let A∨/F be its dual abelian variety.
Remark 3.4. It is probably difficult to determine whether a given abelian
variety has good reduction at every prime or not. We believe that the result
of this paper holds regardless of that. However, to the best of our knowledge,
there is not a proper theory for abelian varieties which have bad (and non-
multiplicative–in other words, unstable) reduction.
Notation 3.5. Let
Γ = Gal(H · F∞/H · F ) ∼= Gal(F∞/F ).
Let Ap be the Neron model of A over OFp , and let Gp = lim−→nAp[p
n]
(as the injective limit of finite group schemes). Let Mp be its Dieudonne
module.
As in Proposition 2.1,Mp⊗Qp has decomposition
(
Mordp ⊗Qp
)
×
(
Mnon−ordp ⊗
Qp
)
, and we may let dordp be the number of generators ofM
ord
p , and d
non−ord
p
be the number of generators of Mnon−ordp .
Then, as in Definitions 2.20 and 2.21, there are
Qnon−ord,σ
−n
fi,pj
(πi,Nq+n) ∈ G(OHqFp(πNq+n))
for some fi’s for i = 0, 1, . . . , [Hq : Qp]− 1 and pj ’s for j = 1, . . . , dnon−ordp ,
which we will not specify. Fix τ˜1, . . . , τ˜[Fp:Qp] ∈ Gal((HF∞)q : Hq) which lift
all the elements of Gal((HF )q/Hq). Then, Q
non−ord,σ−n
fi,pj
(πi,Nq+n)
τ˜l for all
i, j, l give us dnon−ordp · [(HF )q : Qp] points.
And, by Proposition 2.22, we can choose the following points:
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Definition 3.6. We choose the points Qq,ordi,n ∈ G(OHqFq[piNq+n]) for i =
1, . . . , dordp · [(HF )q : Qp] so that
N(HF )q(piNq+n+1)/(HF )q(piNq+n)Q
q,ord
i,n+1 = Q
q,ord
i,n .
We choose them so that {Qq,ordi,n }i generates a subgroup of G(OHq [πNq+n])
whose quotient has a bounded rank as n varies.
Altogether, we have d·[(HF )q : Qp] sequences of local points, and through
all primes q of H · F lying above p, we have d · [HF : Q] sequences of local
points. For convenience, we list them {Qi,n}i=1,...,d·[HF :Q].
Note that for each i, {Qi,n}n satisfies
ei∑
s=0
g(i)s Trn−ei+s/n−ei Qi,n−ei+s = 0(1)
modulo torsions for some irreducible qi(x) = g
(i)
ei x
e + · · ·+ g(i)0 ∈ Zp[x].
The following is a standard definition:
Definition 3.7 (Relaxed Selmer groups). Let A′ = ∪nA∨[pn]. For an ex-
tension L of F ,
Selrel(A
′/L)
def
= ker
(
H1(L,A′)→
∏
v
H1(Lv,A
′)
A′(L)⊗Qp/Zp
)
where v runs over all primes of L not lying above p.
Clearly, Selrel satisfies the Control Theorem. (See [9],[2]. They assume
that the abelian variety has good ordinary reduction at every prime above p,
but their arguments can be easily adapted because Selrel is a relaxed Selmer
group–in other words, it has no local condition for primes above p.) In other
words,
Selrel(A
′/H · Fn)→ Selrel(A′/H · F∞)Gal(H·F∞/H·Fn)
has finite and bounded kernel and cokernel as n varies.
Set
Λ
def
= Zp[[Γ]] ∼= Zp[[X]]
by choosing a topological generator γ of Γ, and setting γ = X + 1.
Assumption 3.8. Let M∨ denote Hom(M,Q/Z) (“the Pontryagin dual”).
We assume
rankΛ Selrel(A
′/H · F∞)∨ = dimA · [H · F : Q].
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As we can see easily by standard techniques of Iwasawa theory, this as-
sumption is true if Sel(A′/H · Fn)χ is finite for any character χ of Gal(H ·
Fn/H · F ) for any n.
Notation 3.9. (1) For each n ≥ 0, let
Γn = Γ/Γ
pn , Λn = Zp[Γn].
(2) For a group M on which Γ acts, we let
M/Γpn =M/{(1 − a) ·m | a ∈ Γp
n
,m ∈M}.
Equivalently, where γ is a chosen topological generator of Γ,
M/Γpn =M/(1− γp
n
) ·M.
Definition 3.10. (1) Let s = dimA · [H · F : Q].
(2) Let
Stor =
(
Selrel(A
′/H · F∞)∨
)
Λ−torsion
.
If we assume Assumption 3.8, then there is a short exact sequence
0→ Selrel(A′/H · F∞)∨/Stor → Λs → C → 0(2)
for a finite group C. This induces
α′n : Selrel(A
′/H · Fn)∨ → Λsn.
We note that there is a map
βn :
∏
q
A((HFn)q)→ Selrel(A′/H · Fn)∨
given by the local Tate duality.
Definition 3.11. (a) Let Ri,n ∈ Λsn be the image of Qi,n under α′n ◦ βn.
(b) Let Projmn be the natural projection from Λm to Λn (m ≥ n).
Recall that each {Qi,n}n satisfies (1) for some qi(x).
In the following, Λα denotes the set of power series f(T ) ∈ Cp[[T ]] sat-
isfying |f(x)| < C|1/αn| for some fixed C > 0 for every n ≥ 1 and x ∈ Cp
with |x| < |1/ pn√p|.
Proposition 3.12. For each root α of qi(x), there is fα,i ∈ Λsα so that for
some fixed constant c,
Ri,n ≡
∑
α
fα,iα
n+1 (mod c−1((T + 1)p
n − 1)Λ)
for every n.
Proof. As in [6] Lemma 4.26, this is due to [10] Lemme 5.3. 
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Definition 3.13. First, we choose a generator gtor ∈ Λ of the characteristic
ideal of (Selrel(A/HF∞)
∨)Λ−torsion. Now, recall qi(x) associated to {Qi,n}n
(see the discussion before Definition 3.7). We choose a root αi of each qi(x).
Then, we define
L{αk}
def
= gtor × det[fα1,1, · · · , fαs,s].
Remark 3.14. Readers may wonder why we do not define Lα for a single
zero α of q(x) =
∏
i qi(x) as the second author did in [6]. That is because
if we choose a single zero α of one specific polynomial qi(x), and define Lα
in the manner of [6], then it has the effect of negating all the local points
{Qj,n}n with qj 6= qi. The next example will illustrate what we mean.
This was not an issue in [6] because it assumed that the abelian variety
was one-dimensional, and therefore, there was only one polynomial q1(x).
Example 3.15. Suppose we have two sequences of points {Qn}n, {Q′n}n
satisfying Nn+1/nQn+1 = Qn, and Nn+1/nQ
′
n+1 = 2Q
′
n. Define Rn, R
′
n ∈
Zp[Γn]
2 as above. Then, their corresponding polynomials (again, as above)
are x− 1 and x− 2, thus the roots are 1, 2.
Note that q(x) = (x− 1)(x− 2) = x2 − 3x+ 2, and we observe,
Nn+2/nQn+2 − 3Nn+1/nQn+1 + 2Qn
= Nn+1/n(Nn+2/n+1Qn+2 −Qn+1)− 2(Nn+1/nQn+1 −Qn) = 0,
and similarly
Nn+2/nQ
′
n+2 − 3Nn+1/nQ′n+1 + 2Q′n = 0,
thus
[
Rtn+2
Rtn+1
]
=
[
3 −2
1 0
] [
Rtn+1
Rtn
]
(mod (1 + x)p
n − 1),
[
R′n+2
t
R′n+1
t
]
=
[
3 −2
1 0
] [
R′n+1
t
R′n
t
]
(mod (1 + x)p
n − 1).
Since
[
3 −2
1 0
]
=
[
1 2
1 1
] [
1 0
0 2
] [
1 2
1 1
]−1
, by the method of [10, Lemme 5.3],
we have
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[
f1
f2
]
= lim←−
[
1 2
1 1
]−1 [
Rtn+1
Rtn
]
= lim←−
[−1 2
1 −1
] [
Rtn+1
Rtn
]
= lim←−
[−Rtn+1 + 2Rtn (mod (1 + x)pn − 1)
0
]
,
and
[
f ′1
f ′2
]
= lim←−
[
1 2
1 1
]−1 [
R′n+1
t
R′n
t
]
= lim←−
[
0
R′n+1
t −R′nt (mod (1 + x)p
n − 1)
]
.
Note that if we were to define Lα as in [6], then L1 = gtor×det[f1, f ′1] = 0,
L2 = gtor × det[f2, f ′2] = 0, which are not meaningful.
Similarly with [6, Proposition 4.29], the next proposition follows from
[10] Lemme 5.2, and the standard Iwasawa theory arguments, and this proves
the first part of our main result, Theorem 1.1.
Proposition 3.16. Recall s = dimA · [H · F : Q]. If L{αk} 6= 0, then for
some fixed C
corankZp Selp(A
′/H · Fn) ≤
s∑
i=1
(p− 1)× (pn−1 + pn−2 + · · ·+ pmi)+C
where n−mi = λin+O(1) and λi = vp(αi).
Clearly, rankA′(H ·Fn) is not greater than corankZp Selp(A′/H ·Fn) (and
equal to it if the Shafarevich-Tate group is finite).
Also, as noted in [6], L{αk} 6= 0 if Selp(A′/H ·Fn)χ is finite for any n and
any character χ of Gal(H · Fn/H · F ).
4. Certain hyperelliptic curves and their Jacobians
In this section we consider the following types of hyperelliptic curves and
investigate the bounds of ranks of their Jacobian varieties. We study the
following setup which has a certain Iwasawa theory flavor. Let p > 3 be a
prime. For positive integers m and n, let
Cn : y
2 = x3p
n
+ axp
n
+ b,
and
Cm,n : y
2pm = x3p
n
+ axp
n
+ b.
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(Cm,n is not a hyperelliptic curve. For convenience, we will call it a ramified
hyperelliptic curve.) We compute the genera of Cn and Cm,n which are the
dimensions of their jacobian varieties.
Lemma 4.1. Denoting the genus of a curve C by gC ,
gCn =
3pn − 1
2
,
and
gCm,n =
{
1− 2pm + 3pn(2pm−1)+pm2 , if m > n
1− 2pm + 3pn(2pm−1)+2pm−pn2 , if m ≤ n.
Proof. By the Riemann-Hurwitz formula, for Cn, the degree of Cn to P
1 is
2 and the ramification index e is 2 at 3pn + 1 points including at infinity.
Hence it satisfies that
2gCn − 2 = 2(−2) + (3pn + 1).
For Cm,n, the degree of Cm,n to P
1 is 2pm. If m ≤ n, there are 3pn
points not at infinity and they have ramification index e = 2pm. And the
ramification at infinity has the index e = 2. So
2gCm,n − 2 = 2pm(−2) + (3pn)(2pm − 1) + pm.
If m > n, similarly there are 3pn points not at infinity and they have
ramification index e = 2pm. And the ramification at infinity has the index
e = 2pm−n, so
2g − 2 = 2pm(−2) + (3pn)(2pm − 1) + 2pm − pn.

Next we consider the endomorphism ring End(A) of an abelian variety A.
An abelian variety is isogenous to a product of simple abelian varieties.
If A is a simple abelian variety, then End(A) ⊗Z Q is a division ring. So, if
A = An11 ×· · ·×Ankk , where Ak’s are simple and not isogenous to each other,
then
End(A)⊗Z Q =Mn1(D1)⊕ · · · ⊕Mnk(Dk),
for some division algebras Di.
This only gives a rough upper bound for the size of the endomorphism
ring. However, in the case of the Jacobian varieties of Cn and Cm,n, there
is an obvious lower bound for the endomorphism rings.
Suppose Cn, Cm,n are defined over Q(ζpn) and Q(ζpm , ζpn) respectively.
Let Jn (defined over Q(ζpn)) be the Jacobian abelian variety of Cn, and
Jm,n (defined over Q(ζpm , ζpn)) be the Jacobian abelian variety of Cm,n.
Then, EndQ(ζpn) Jn contains Z[ζpn] induced by the automorphisms of Cn
given by (x, y) 7→ (ζx, y) for any ζ satisfying ζpn = 1, and EndQ(ζpm ,ζpn) Jm,n
contains Z[ζpm ] × Z[ζpn ] induced by the automorphisms (x, y) 7→ (ζx, ζ ′y)
for any ζ and ζ ′ satisfying ζp
n
= 1 and ζ ′p
m
= 1.
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For the rest of the section, the abelian variety A/F is either Jn or Jm,n.
If A = Jn, then the field F is Q(ζpn), and if A = Jm,n, then F is Q(ζpn , ζpm).
In all cases, A∨/F is the dual abelian variety of A.
Let F∞ = Q(ζp∞).
Assumption 4.2. A/F has good reduction at the (unique) prime p of F
above p.
At the moment, we do not know whether Assumption 4.2 is true for Jn,
Jm,n, or their dual abelian varieties in general. We can only hope that it is
often true. As mentioned earlier, we expect that the final result is probably
true regardless. We hope that a proper theory for abelian varieties with bad
reduction (especially unstable reduction) will be developed soon.
We let H be a number field so that every prime of H above p is unramified
over H/Q. Some choice of H might be more illuminating than others. For
example, we may choose H so that A has “complex multiplication” over H:
For instance, we may choose H = Q(i) when p is an odd prime, and b = 0.
Definition 4.3. Recall that A∨ is the dual abelian variety of A. Also recall
A = ∪A[pn], A′ = ∪A∨[pn],
where A∨ is the dual variety of A. (In other words, A′ = Hom(A,Zp(1)).)
Also, recall Γ = Gal(H · F∞/H · F ), and Λ = Zp[[Γ]] which we identify
with Zp[[x]].
Assumption 4.4. Recall the relative Selmer group Selrel from Section 3.
We assume Selrel(A
′/H · F∞) has Λ-corank s = dimA · [H · F : Q].
As mentioned in Section 3, Assumption 4.4 is true if Selp(A/H · Fn)χ is
finite for any n ≥ 0 and any character χ of Gal(H · Fn/H · F ).
As in the discussion after Notation 3.5, for each prime p of F above p,
define the Dieudonne moduleMp associated to A/Fp. Also, as we did in the
same discussion, construct local points {Qi,n}n for i = 1, . . . ,dimA · [HF :
Q], each associated to a monic irreducible polynomial qi(x) ∈ Zp[x].
The polynomials q1, . . . , qs depend on the choice of the above-mentioned
local points. However, as we have demonstrated earlier, all of them are
irreducible divisors of det(x · 1 − F|Mp) for some p, and every irreducible
(polynomial) divisor of det(x · 1− F|Mp) of any p is represented by them.
Then, by Proposition 3.16 and Lemma 4.1, we obtain Theorem 1.1.
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